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Elastic Solid vs. Rigid Body

Elastic Solid
— Represented with n particles
— Relative movements

— Mass, position, velocity, force
considered per particle

— No notion of orientation

./'
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Rigid Body

Represented with n particles

No relative movements
Interaction implicitly modeled
One position / one orientation
One velocity / one angular velocity
Mass and mass distribution

~
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Outline

— Position and orientation

— Linear and angular velocity

— Mass and inertia tensor

— Linear and angular momentum
— Force and torque

— Simulation loop
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Particle Representation

World frame
coordinates

Body frame

coordinates transformed

state

LCM

Rigid body consists
of n particles.

xcm = (0,0, O)T Reference position
ri = &, —TCM Position of a particle relative to the reference position
r, = XTcM+Tri=cm+T+ Rot(ﬂ-) Particle position in global coordinates. T, Rot

are translation and rotation of the rigid body
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Reference Position - Center of Mass

Z m;ax; Z% m;ax;

Center of mass

Mxcy =), mix;

1 _ 1 o Same point under
M Z’é m;T'x; = TM ZZ m;x; = Txom translation and rotation
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Center of Mass - Property

2
fi= mi%mi Force at position x;

F = E fi = E mzdtgaz,,,— dt2 E m;ax; Overall force

F:Zfi:Méi?a:CM

The linear acceleration of the center of mass can be computed
from the mass of the rigid body and from the sum of all forces
acting at arbitrary rigid body positions. The positions of the
applied forces do not influence the linear acceleration.
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Orientation in 3D

— Rotation matrix

— 3X3 elements to represent 3 degrees of freedom
Uy
Uy = VA1 + VyQ2 1 V03
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Orientation in 3D

— A has to be orthonormal

aT
1
AAT:(a,1 ao ag)-(aér)I

Det(A) =1

— Magnitude of eigenvalues is 1,
SO A preserves the length of »

— Position of a body point =; = zcm + 7 = Tem + t + AT

translation + rotation
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Body in Motion

— Time-dependent position
xi(t) = Tom + H(t) + A7 = o (t) + A7
— Velocity
Lz,(t) = Sxem(t) + SAQ)T + Al) 7 = Sxom(t) + S AR)T

linear velocity + angular velocity
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Angular Velocity in 3D

— Angular velocity w is a 3D vector
— In direction of axis of rotation

— |wlis the magnitude of the
angular velocity [rad/s]

Gz| = |w|-r=]w||z| sin(e)
I = wxzx
Wy 0 —Wy Wy
W = Wy — W = W, 0 — Wy
W, =Wy Wy 0
%X:J}X
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Rigid Body Kinematics

— What is the relation between @ and £A?
— Angular velocity rotates all axis (columns of A )

o~

%A:(%al %(12 %ag):(w-al (:)'(12 w-ag):d}-A

— Velocity of a point §=i(t) = fzom(t) + FAR) - 7
L, (t) =v(t) + o(t) - A(t) - 7
Sxi(t) = v(t) + @(t) - (2:(t) — zom(?))
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State Vector

(

x(t)

v(t)

Particle

)

Rigid body
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Rigid Body Dynamics

— Forces change
— Linear velocity
— Angular velocity

— Linear velocity change
F:Zfz Z m; 3 2mz—dt22 m;a;

d2
dt2 M.’L'CM MW.’ECM

42 _d.._F _ >.%
mmCM—a’U—H——M

— Like a particle, but ...
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Angular Momentum

— The angular momentum m;
of a particle w.r.t. the /\v
center of mass is A "’

L, =7r; xm;v; =r; x mj(w X r;)
— The total angular momentum of the body is
L=>.L,=)_ 7 xmjwxmr;)
= 3w = (Zf,; —miﬂﬁ,;) W
= lw
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Inertia Tensor

— The total angular momentum is L = Iw With I
being a 3x3 matrix (the inertia tensor of the body)

— I depends on the rotated configuration I =Y, —m;#;

— The inertia tensor for the original body
can be pre-computed, e.g. I =Y, —m;r;#;

— Similarity transform relates time-dependent 1
and pre-computed I:1=AIAT
L=1Iw=AIATAG = AIw
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— The torque of a particle w.r.t. the center of mass is

T, =T X fi
— The total torque of the boay is
T:ZiTi:Zi'ri Xfi
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Newton's Second Law (Angular)

— Angular momentum L =3, r; x m;v; = Iw

— Torque T =), 7 x f

— The angular version of Newton's Second law reads
%L =T

— Tells us, how the forces f;
change the angular velocity w
T=>1;xXFf
L=L+At-T
w=1I11L
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Linear vs. Angular Quantities

Linear momentum
p=Mv

Linear velocity
v=M1p

Time-derivative of the
linear momentum

Gp=F

Angular momentum
L=1w

Angular velocity
w=I"1L

Time-derivative of the
angular momentum
%L =T
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Governing Equations

a| AW | _ | @-A@)
dt | p(t) F(t)
\ L) ) \ Tt )
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Simulation Step

Simulation step
T T DT X fi Per-particle
M= 2im F«Y . fi quantities

— 1 _
TCM < 37 D i Timy;

Pre-computation

TcoM + TceMm + At - vem

vom < vem + At - F/M

T; < T — TCM

I (X —miridi)

A+ A+ At-0A Per-body
quantities
L L L + At -
Initialization — L+ T
I'+— AT AT
:BCM?UCM} A,L 1
I L
T 1« AT 'AT W
QJ(—I_lL Ti(—A”I_’i
Per-particle

T; < oM T "
% % quantities

V; & VoM T+ W X T
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Reorthonormalization of the Orientation

— Orientation matrix is updated with A+ A+ At-©A
— Errors accumulate

— A is not orthonormal anymore

— Gram-Schmidt orthonormalization

by = a1/|ai

by = as — (b1 ' az)bl

by = by/|bs|

bz = a3 — (by - a3)by — (b2 - a3)by
bs = b3 /|bs|

as — (bl . ag)bl

University of Freiburg - Computer Science Department - 21



