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Abstract
We present a new method for the simulation of melting and solidification in a unified particle model. Our technique
uses the Smoothed Particle Hydrodynamics (SPH) method for the simulation of liquids, deformable as well as
rigid objects, which eliminates the need to define an interface for coupling different models. Using this approach,
it is possible to simulate fluids and solids by only changing the attribute values of the underlying particles. We
significantly changed a prior elastic particle model to achieve a flexible model for melting and solidification. By
using an SPH approach and considering a new definition of a local reference shape, the simulation of merging
and splitting of different objects, as may be caused by phase change processes, is made possible. In order to
keep the system stable even in regions represented by a sparse set of particles we use a special kernel function
for solidification processes. Additionally, we propose a surface reconstruction technique based on considering
the movement of the center of mass to reduce rendering errors in concave regions. The results demonstrate new
interaction effects concerning the melting and solidification of material, even while being surrounded by liquids.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling – Physically Based Modeling; I.3.7 [Computer Graphics]: Three-Dimensional Graphics and
Realism – Animation and Virtual Reality

Introduction

The interaction between fluids, solids, and their surround-
ings is becoming increasingly important in computer graph-
ics. These interaction processes are physically very complex
and very difficult to simulate. It is highly desirable to have a
single simulation method which can handle different types
of materials, and interactions between them as well. This
eliminates the need to define an interface for coupling dif-
ferent fluid and solid models. Currently, coupled models are
widely used in computer graphics, but the variety of the sim-
ulated materials and effects is often constrained by the inter-
faces between the models. Furthermore, they suffer from the
effect, that their methods, or the combination thereof, are
not appropriate to simulate the whole variety of interaction
processes, including phase changes between fluid and solid.
Especially melting and solidification which are caused by a
surrounding liquid did not receive enough attention yet, al-
though they contribute a lot to a realistic simulation of the
interaction of fluids with their environment.

In this paper, we present a unified particle model based on
SPH [Mon92] for the simulation of liquids and deformable
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as well as rigid objects, which eliminates the need to de-
fine an interface for coupling the different models. Using
this approach, fluids and solids are both represented by parti-
cles, each of which knows its own attribute values describing
its physical properties of matter. Since each particle inter-
acts with its neighboring particles regardless of the state of
matter, we achieve a two-way coupled fluid-solid interaction
without any further treatment.

Phase change behavior is already addressed in previous
work, but the proposed models are limited in the resulting
interaction effects, as can be seen in Table 1. By using our
technique the simulation of a wide range of effects is made
possible which are not producible with any single of the pre-
vious methods alone. Our model can combine the following
properties:

• Flexibility of materials: Support for fluids, elastic and
rigid objects, and even the combination of both, i.e. elastic
and rigid parts, in one single object.
• Melting and solidification: A solid body can turn into a

fluid when heat is applied and vice versa for cooling. The
simulation can handle partial and continuous melting and
solidification, even while interacting with a surrounding
liquid.
• Distinction of objects: The model supports distinction be-
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Figure 1: Top: Merging. A solid melts due to heating and
touches the other solid in the process. After cooling, the
two objects merge to a single one. Bottom: Splitting. A solid
melts due to heating and some parts separate. Cooling down
leads to two independent solids.

tween multiple objects or parts of the same object which
are close (touching), as long as no melting is involved in
the process.
• Merging and Splitting: Ability to merge multiple close

(touching) objects into one when melting is involved (Fig-
ure 1, top) and split objects (Figure 1, bottom) as a result
of phase changes.

To achieve a smooth surface from particles, we propose
a surface reconstruction similar to [ZB05], but with re-
duced reconstruction artifacts even for inhomogeneously
distributed and sparse particles.

Related Work

Lagrangian mesh-based and mesh-free methods are widely
used in computer graphics for the simulation of deformable
objects as well as for fluids. With the preliminary work
of [TPK89], melting of solids into fluids through heat and
heat transfer using particle dynamics was introduced in
graphics. Their deformable objects are represented by mass-
spring systems (MSS) and melting is achieved by varying the
spring constants and finally removing the springs. The lique-
fied particles then interact with Lennard-Jones (L-J) poten-
tials, corresponding to a fluid simulation on the microscopic
level. This approach is extended in [Ton91], where the MSS
is replaced by different L-J potential energy functions that
vary the strength of the attractive and repulsive forces to pro-
duce fluid or solid behavior according to the particle temper-
ature. Although both previous works succeeded in melting
objects, the identification of the relevant parameters of the L-
J interaction forces and the MSS remains a major problem.
As discussed in [NMK∗05], spring constants of a MSS are
often chosen arbitrarily since the model does not allow the
direct integration of physical parameters. This leads to prob-
lems when changing the model resolution as it is not clear
how the parameters have to be modified to retain the same
behavior. Similar problems exist for L-J potential functions.
Another difficulty of MSS is that the behavior of the model is
highly dependent on the topology, which is problematic dur-
ing a solidification process where springs have to be added
continuously. The use of different L-J potential functions
causes problems during solidification as well, since the equi-
librium between gravitational forces and inter-particle forces

is shifted, leading to spurious particle expansion or contrac-
tion. Using a mesh-free continuum-mechanics-based frame-
work for the animation of elastic objects, as we use in our
unified SPH model, offers the advantage of not having to
take care about topology at all and that the resolution has
only an effect on the accuracy of the method and not on the
parameters defining the material properties.

The SPH method was originally developed to model cos-
mological fluids [GM77, Mon92] and was introduced to
computer graphics in [SF95]. Later, [DC96] used SPH for
the animation of highly deformable objects, and extended
it in [SAC∗99] to animate lava by coupling the viscosity
to temperature. Since then, SPH has been used for a wide
range of applications in computer graphics. [MCG03] use
SPH for the simulation of fluids at interactive rates. Their
work has been extended later to simulate the interaction of
fluids with deformable meshes by adding boundary particles
to the surface of the mesh [MST∗04]. The interaction be-
tween multiple SPH fluids with different physical proper-
ties is introduced in [MSKG05]. Melting and freezing us-
ing SPH particles is addressed in [WHP∗06], where parti-
cles are subject to elastic restoring forces arranging them in
a locally defined lattice. [MKN∗04] proposed a technique to
model elastic, plastic and melting behavior of objects using
particles, where a Moving Least Squares (MLS) approach
is used to calculate the elastic forces. The elastic model is
extended in [KBG∗05], where additionally a method for the
handling of topological changes is proposed. [CD97] pre-
sented a method that uses implicit surfaces for animating
deformable models. Their elastic objects can collide under
low pressure and merge to one object otherwise.

Recent work on the simulation of fluids with Eulerian
approaches addressed the simulation of different materials
and phase changes, as well as interaction processes between
fluids and solids. [LSSF06] presented the simulation of
complex interactions between multiple fluids with different
physical properties. Two-way interaction between fluid and
solid was introduced in [CMT04], where the rigid objects are
treated as a fluid constrained to rigid body motion. The cou-
pling between an Eulerian fluid solver and deformable solids
was demonstrated in [GHD03] and [CGFO06], and cou-
pling water to thin deformable and rigid shells was shown
in [GSLF05]. A simulation of melting has been presented
in [CMHT02], where deformable bodies are represented as a
very viscous fluid. Melting is made possible by adapting the
viscosity depending on the temperature. By adding elasticity
to an Eulerian fluid simulation instead of increasing the vis-
cosity, [GBO04] achieved animations of viscoleastic fluids.
Recently, [LIGF06] introduced a fluid model coupled with
a solid simulator, where the solid objects are represented by
meshes. Their simulation can handle the melting and burning
of solid objects into liquids and gases, but the solidification
process is still a major challenge. Using the lattice Boltz-
mann method (LBM) [ZWQ∗06] demonstrated melting and
flowing in a multiphase environment.

We refer to an extensive survey on physically based de-
formable models in [NMK∗05]. Concerning the dynamics
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of rigid bodies a comprehensive introduction is given in the
notes of [Bar97].

The model we propose in this work is a Lagrangian ap-
proach, which we find to be advantageous for the simulation
of mixing processes between different fluids and solids. Our
work has been motivated by the fact that previous particle
models only fulfill a subset of the desired interaction pro-
cesses as summarized in Table 1, which makes it difficult
to combine them into a single model. Our approach borrows
from many prior particle methods, and thus is not fundamen-
tally different from these, but we have enhanced and altered
many critical components as described mainly in the Sec-
tions ’Elastic Bodies’ and ’Rigid Bodies’. Additionally also
an improved surface definition is presented in Section ’Sur-
face Reconstruction’. However, the main contribution is the
integration of all the presented modifications and effects into
a single unified particle model.

Fluids

The basic Smoothed Particle Hydrodynamics (SPH) model
we use for our fluid simulator is based on the work
of [MCG03]. In particular, we use the extensions for the
simulation of multiple fluids proposed in [MSKG05]. In this
section, we give a short summary of the equations we use.

The SPH method belongs to the class of Lagrangian ap-
proaches to fluid simulation. In the Lagrangian or particle
based approach, fluids are represented by a set of particles
i ∈ [1 . . .N] which carry positions ri, masses mi and addi-
tional attributes Ai. SPH defines how to compute the value
of any attribute value A at an arbitrary position r in space by
smooth interpolation over the set of all nearby particles j as

A(r) = ∑
j

m j
A j

ρ j
W (r− r j,h), (1)

where ρi is the density of particle i and W (ri j,h) is a smooth-
ing kernel with support radius h. The gradient and the Lapla-
cian of this attribute function are calculated simply by using
the gradient or the Laplacian of the kernel respectively.

∇A(r) = ∑ j m j
A j
ρ j
∇W (r− r j,h) (2)

∇2A(r) = ∑ j m j
A j
ρ j
∇2W (r− r j,h). (3)

The density ρi can be computed as

ρi = ρ(ri) = ∑
j

m jW (ri j,h), (4)

where ri j is the distance vector ri− r j.

Using particles, the simplified version of the Navier-
Stokes equation for incompressible fluids (Equation (5)) can
be expressed as shown in Equation (6), where a corresponds
to the acceleration and is integrated using the Leap-Frog
scheme ( [Poz98]).

ρ(
∂v
∂t

+v ·∇v) =−∇p+ρg+µ∇2v (5)

ρa = fpressure + fexternal + fviscosity. (6)

Substituting the Equations (2) and (3) into the pres-
sure and viscosity terms of the Navier-Stokes equation and
symmetrizing them according to [MCG03] and [MSKG05]
yields

fpressure
i = −∑ j m j

pi+p j
2ρ j
∇W (ri j,h) (7)

fviscosity
i = ∑ j

µi+µ j
2 m j

v j−vi
ρ j
∇2W (ri j,h), (8)

where p is the pressure, v the velocity and µ the viscosity
coefficient. The pressure pi of particle i is computed via the
modified ideal gas state equation suggested by [DC96]

pi = k(ρi− ρ̂i), (9)

where k corresponds to the gas constant and ρ̂i to the parti-
cle’s rest density. For the calculation of the density and the
body forces we use the kernels proposed in [MCG03].

Elastic Bodies

Model Extensions

Our method for modeling deformable bodies extends the
work of [MKN∗04, KBG∗05], where at every particle posi-
tion the gradient of displacement from the undeformed (ref-
erence) shape of the body is used to compute the strain ε,
stress σ, and elastic forces Felastic. However, the approach
has been altered significantly:

1. In our model we use an SPH approach instead of MLS,
which has the advantage that it can handle coarsely sam-
pled and even coplanar particle configurations, as they
often result from phase change processes (Figure 2). The
use of SPH affects Equations (14) and (16) in the follow-
ing section.

2. We have modified the elasticity model fundamentally
with a new definition of the reference shape of a body.
Instead of referring to an initial, global undeformed ref-
erence shape as in [KBG∗05], we consider a locally un-
deformed object condition. So, instead of storing the po-
sition of the reference shape, each particle stores a dis-
tance vector to each of its local neighbors. The neighbor-
hood of a particle is defined by the support radius of the
SPH smoothing kernel. The locally undeformed object
condition is also critical for the merging of multiple bod-
ies into one, and the splitting of bodies as a result of phase
changes. This behavior is illustrated in Figure 3. Without
our extension, if two separated and undeformed bodies
move and merge during the simulation, large strains will
erroneously be measured. The definition of this local ref-
erence shape of a body has effects on the computation of
the body volume of a particle (see Equation (11)) and on
Equation (15).

3. In contrast to [MKN∗04], the reference neighborhood of
a particle does not change during elastoplastic processes.
This property allows for the distinction between multiple
close (touching) objects or parts of the same object.

Resulting Elasticity Model

For calculating the elastic force of particle i, we need to de-
termine the strain energy Ui of the particle. This is usually
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Figure 2: A phase change process may result in coarsely
sampled regions and coplanar particle configurations which
can be handled by SPH but not by MLS.

x ij

pi

x ij

pi pi

x ij

Figure 3: Our model uses a locally undeformed object con-
dition, where each particle stores a distance vector to each of
its local neighbors. If objects merge, the reference distances
of the new neighbors are added to the particle.

measured in terms of an energy density and is given as

Ui = vi
1
2
(εi ·σi), (10)

where vi is the body volume (reference volume) of particle i.
vi is computed as if all of its body neighbors jbody were lo-
cated at a relative position xi j, which is equal to the distance
vector between the reference positions of particle i and j in
our locally undeformed object definition. As the volume is
calculated by dividing mass by density the body volume of
particle i is defined as

vi = v(xi) =
mi

∑ jbody
m jW (xi j,h)

. (11)

Since we use a linear stress-strain relationship it holds that
σ = Cε, which is known as Hooke’s law. In addition, we only
use isotropic materials in our simulations, which means that
C depends only on the Young’s Modulus E and the Pois-
son’s Ratio ν. There are different formulas for calculating
the strain, the one employed here is called the Green-Saint-
Venant strain tensor, but it can be easily replaced by a differ-
ent one.

The elastic force Felastic can then be defined as the nega-
tive gradient of strain energy U with respect to displacement.
The force that particle i exerts on its jth neighbor is given by

Felastic
ji =−∇u jUi =−2vi(I+∇uT

i )σidi j, (12)

where I is the identity matrix,∇ui is the gradient of the dis-
placement from the reference shape of the body and di j is
defined by

di j =
∂∇ui

∂u j
. (13)

For more detailed derivations of (12) and (13), refer
to [MKN∗04]. We calculate (13) using the SPH method, thus
∇u is defined as

∇ui = ∑
jbody

v j∇W (xi j,h)(u ji)
T , (14)

Figure 4: The smoothing kernel along one axis used for
the elastic forces, for smoothing length h=1. The thick line
shows the kernel and the dotted line its gradient.

where the displacement difference vector u ji is a function of
the current position r and xi j:

u ji = u j−ui = r j− ri +xi j. (15)

The derivative of (14) with respect to u j is computed by the
resulting SPH equation for di j

j 6= i→ di j = v j∇W (xi j,h). (16)

Elasticity Kernel

The kernel function used to calculate a certain attribute or
force has a great influence on the behavior of an SPH simu-
lation. The most obvious effects of the smoothing kernel are
those on stability and speed. When melting and solidifica-
tion is introduced, arbitrary sets of particles can solidify into
deformable bodies. While a fluid cools, there may be parts
where already very few cold particles (possibly only two)
form small objects. The "spiky kernel" presented in [DC96]
turned out to be unsuitable for those situations resulting in an
unstable simulation. To cope with this problem, we designed
the following new kernel function (Figure 4):

W (r,h) =

{
c 2h

π
cos( (r+h)π

2h )+ c 2h
π

0≤ r ≤ h
0 otherwise.

As we use W in a normalized form, c is determined by

c =
π

8h4( π

3 −
8
π

+ 16
π2 )

. (17)

Given that c is a constant, it can be precomputed at the be-
ginning of the simulation.

Plasticity and Fracture

Objects in the real world are not perfectly elastic. Depending
on the amount of experienced strain, materials often do not
fully return to their original shape. This effect is called plas-
ticity, which we capture by integrating the model proposed
in [OBH02]. If plastic flow occurs in an object, a part of the
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deformation is absorbed by the material, and its shape is per-
manently changed. However, this occurs only after the object
has been deformed sufficiently, which can be defined by an
elastic limit that we test with the von Mise’s yield criterion
for each particle. If this criterion is met plastic deformation
will occur. The base change of plastic deformation as well
as the plastic strain is computed as described in [OBH02].
The current elastic strain of each particle is then represented
by the difference between the particle’s plastic strain and the
particle’s total strain. Moreover, the plastic deformation will
not go beyond some plastic limit. Every particle knows its
own elastic and plastic limits, which makes it possible to
simulate different materials at the same time.

Additionally, a simplified fracture rule is added to the de-
formable model, considering the distance between two body
neighbors. If this distance gets too large and exceeds a limit,
they discard each other as object neighbors. As a result, they
do not perform any forces on each other anymore and the
object breaks at this location.

Rigid Bodies

For modeling rigid bodies the basic SPH fluid model is ex-
tended to enforce rigid body motion. For that, the total forces
acting on the particles belonging to a rigid body are accu-
mulated in the body, then its movement is restricted to trans-
lation and rotation [Bar97]. The rigidity method described
here builds upon the body neighbor object representation in-
troduced for elastic objects. Our model keeps track of parti-
cles that belong to the same rigid body to allow for merging
and splitting during phase change processes.

In order to constrain the motion of an object to rigid body
motion, we have to handle rotation explicitly. To do so, we
compute a torque vector τ according to [Bar97]:

τi = (ri− rcm)×Fi, (18)

where rcm is the center of mass of a body and Fi denotes
the total force exerted on the ith particle. Fi is the sum of all
forces calculated with SPH (the force densities fi are multi-
plied by the volume of i to get forces) and all external forces
present in the simulation. The total force acting on a body is
given by Fbody = ∑ibody

Fi and the total torque is defined by
τbody = ∑ibody

τi. Note that for efficiency, the computation of
force densities between pairs of particles that belong to the
same rigid body are skipped.

After the total force and torque of a body are determined,
time integration is performed by first iterating over a rigid
object to calculate the effect of the forces and torques, i.e.
the effect on the position and the linear and angular veloc-
ity of the body, then the particles belonging to the body are
updated to reflect the changes of their parent. The angular
velocity of a rigid body is defined as

ω = I−1L, (19)

where I is the inertia tensor and L is the angular momentum,
which is updated in every time step by calculating

L← L+ τ∆t. (20)

tsolid tmelt

0

E

temperature

rigid / elastic elastic liquid

Figure 5: Stages of the phase change process. A particle be-
longs either to a liquid, an elastic or a rigid object according
to its type, its current temperature and its melting and solid-
ification temperatures stored.

Phase Changes

Temperature Effects

A temperature is attributed to every particle. It can change
either because of heat diffusion among neighbor particles or
because of outside influences. Using the SPH formalism, the
evolution of the temperature Ti due to diffusion sampled at
the particles can be computed analogously to [SAC∗99] as

∂Ti

∂t
= c∑

j
m j

Tj−Ti

ρ j
∇2W (ri j,h), (21)

where T is the temperature and c is a diffusion constant. We
integrate the attributes in time using a simple Euler-scheme.
Additionally, every particle stores a melting point tmelt and
a solidification point tsolid according to the material. If t is
above tmelt , the particle is liquid, and if t is below tsolid , it is
solid, belonging either to a deformable body with maximal
Young’s Modulus E (maximal elastic stiffness) or to a rigid
body. In between, the particle belongs to a deformable body
with E and the viscosity µ interpolated linearly, whereas the
Poisson’s Ratio ν stays constant (Figure 5). By choosing
tsolid = tmelt the intermediate state is left out and it is pos-
sible for a liquid to solidify directly to a rigid body or melt a
rigid body directly into a liquid.

Phase Changes of Elastic and Rigid Bodies

During melting, a particle must be able to separate from its
parent object as soon as it is liquified, and it must be able to
merge with a touching solid object during solidification as
well. To model this behavior for elastic particles the follow-
ing needs to be updated: the set of body neighbors jbody, the
set of reference distance vectors xi j, and the body volume vi.
Note, this has to be done for both the particle that solidifies
or melts, and the body neighbors that are added or discarded
respectively. For merging and splitting behavior of rigid ob-
jects, the model must keep track of particles that belong to
the same rigid body. In all these cases we have to update the
following object quantities: the mass m, the center of mass
rcm, the inertia tensor I, the velocity v and the angular mo-
mentum L.

Surface Reconstruction

A challenge with particle methods is to generate a smooth
renderable surface from the resulting set of points. There
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Desired Errors
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Figure 6: Surface reconstruction errors in the method pre-
sented by [ZB05] before postprocessing: when particles are
separated by distances comparable to the influence radius,
the center of mass may move very quickly leading to surface
artifacts.

are many different approaches for solving this problem, one
was presented in [PTB∗03] where a level-set simulation
guided by particles is used. Another method is presented
in [MCG03] where the surface reconstruction is based on a
color function, and [WS05] presented a method which leads
to smooth surfaces, but which depends on high quality nor-
mals at every point. Each of the above approaches has ad-
vantages and disadvantages concerning quality and speed.
Recently, [ZB05] presented an approach, where the center
of mass is taken into account without the need of normals.
They achieve very smooth surfaces, but their technique leads
to significant artifacts in concave regions and between iso-
lated particles and splashes. It is proposed to remove these
artifacts in a postprocessing step. In our work we propose a
modification which uses a detector for errors located in con-
cave regions and corrects them on the fly.

The implicit function proposed by [ZB05] is defined as

φ(r) = |r− r(r)|−R, (22)

where r(r) is the center of mass of a query point’s neighbor-
hood and R can be interpreted as a desired distance of the
surface from the particles. The problem with the use of r(r)
is that it can happen that we get a center of mass which erro-
neously ends up outside of the surface to be reconstructed in
concave regions or between near but separated particles. Ex-
amining the changes of r(r) when moving the query point r,
one can observe that in problematic situations r(r) changes
substantially faster than the corresponding r (Figure 6).

To determine how r(r) changes we investigate ∇r(r(r)).
This 3x3 matrix specifies how small changes in r translate
into a change of r(r). Since we are interested in detecting
fast movements we check the largest Eigenvalue EVmax.

We define the implicit surface function as

φ(r) = |r− r(r)|−R f , (23)

where f is a factor ∈ [0..1]. r(r) is given by

r(r) =
∑ j rW (|r− rj|, ir)
∑ j W (|r− rj|, ir)

, (24)

where ir is the influence radius used in the visualization,
defining the smoothness of the surface, and W is the density
kernel function.

Figure 7: Plot of the factor f (Equation (25)) using the
thresholds tlow = 0.4 and thigh = 2.0. The closer EVmax is to
thigh, the smaller is the resulting distance of the surface to
the particles.

We compare the largest Eigenvalue EVmax to two previ-
ously defined thresholds tlow and thigh. We adjust f and with
this the resulting distance of the surface from the particles
according to the following rule, which makes sure that the
first and the second order derivatives are smooth, in order to
avoid hard transitions on the surface (Figure 7):

f =
{

1 EVmax < tlow
γ

3−3γ
2 +3γ otherwise

(25)

γ =
thigh−EVmax

thigh− tlow
. (26)

Note that vanishing derivatives are not required around
EVmax = thigh since in these situations the surface is con-
tracted to one point anyway as the resulting f will then be
zero. With this modification the reconstructed surface avoids
most of the errors without sacrificing the smoothness which
is particularly important if a simulation consists only of a
sparse set of particles.

We use our surface reconstruction on the fly during the
rendering process. For this purpose, we have adapted the ray-
tracer Povray (http://www.povray.org) in such a way that it
can directly raytrace our particles.

Results

We have tested our method with several example simula-
tions. The aim of these examples is not to compete for high-
est visual quality but to demonstrate the flexibility of the
unified model, and to show the wide range of interaction ef-
fects not producible with any single of the previous methods
alone. In Table 1 the effects covered by our model are com-
pared to previous work which is related to or integrated in
our method. The full animation sequences can be found in
the accompanying supplemental video which is available on
the Journal’s archive site.

All simulation scenes are performed with about 40,000
particles (except the scene in Figure 8 which consists of
3,000 particles), where each particle has 40 neighbors on av-
erage. On a Intel iMac 2GHz, the calculation of the physics
takes around 0.5 second per frame in the slowest case,
whereas high quality raytracing using our surface recon-
struction including shadows and antialiasing take together
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Figure 8: Rigid-elastic interaction (left) and elastic-elastic
interaction (right). No special collision handling is neces-
sary to avoid penetration.

on average 1 minute per frame in Povray for a resolution of
640x480.

Figure 8 shows the rigid-elastic interaction on the left and
the elastic-elastic interaction on the right. Apart from choos-
ing a high gas constant k, no special collision handling is
necessary to avoid penetration of the objects.

After heating the ground, the rigid (blue) and elastic (red)
blocks melt until cooling is turned on in Figure 9. This leads
to solidification and merging of all objects since they touch
each other. The resulting object consists of rigid as well as
elastic parts.

Figure 10 shows a grey block which is moved on a board.
While passing the other blocks, heating is in some cases
turned on. Due to heating and cooling, the first two blocks
melt at one side and merge to a single solid afterwards. If
there is no heating involved as with the last two blocks they
do not stick to the moving block although they touch each
other as it moves by.

In Figure 11 a rigid bunny is dropped into a liquid and
starts to melt as soon as the temperature exceeds its melting
point. Slower melting can be realized by choosing a higher
melting point or by reducing the temperature diffusion rate.
Different buoyancy behavior can be achieved by varying the
density of the bunny particles.

In Figures 12 and 13 hot liquid matter is dropped into a
cold viscous liquid, i.e. cream. Due to temperature diffusion,
the poured liquid cools down and either fully (Figure 12) or
partially (Figure 13) solidifies to a shell. The partially so-
lidified shell is lifted up and rotated while the simulation of
the cream is temporarily stopped. Due to gravity, the still hot
and liquid part of the shell flows out and solidifies after col-
liding with the cold splash of the cream. The color shows the
object temperature, where a light color corresponds to a high
temperature and a dark to a low one.

A solid cold white chocolate bunny is dipped into hot
brown chocolate in Figure 14. Depending on the time in the
chocolate, the bunny’s head gets coated with it (dark brown
color indicates that the chocolate is cold) or melts.

Conclusion and Future Work

We have presented a unified SPH model for simulating a
wide variety of fluid-solid interaction processes and effects.
To achieve this, we modified various previous fluid and solid
simulation models and integrated the different methods into

Figure 9: Merging of rigid (blue) and elastic objects (red)
after melting and solidification.

Figure 10: A couple of rigid blocks and one elastic block
(red) on a plate. The grey block is moved, passing by the
other blocks. If heating is on while passing, the objects
merge (blue, purple), otherwise distinction can be observed.

a single one. The use of a unified method renders an interface
between a fluid and solid model unnecessary and simplifies
the interaction between them. As the physical experiments
have shown, our method is flexible and able to simulate a
variety of different effects and interactions. New effects like
solidification of hot fluid matter inside cold liquid or so-
lidification of liquid on a cold object are demonstrated as
well. Additionally, we have presented a surface reconstruc-
tion technique leading to smooth surfaces and less rendering
errors in concave regions.

The scenes in the screenshots do not compete for high-
est visual quality, since only a few thousand particles are
used. Although it is our intention in the future to simulate
larger scenes to improve the visual quality, it was the focus
to create a model capable of running at interactive rates. Our
current physics implementation runs at roughly 2 frames per
second using 40,000 particles even without applying elab-
orated optimization techniques. We believe that an acceler-
ation by a factor of 10 is feasible using a combination of
fast incremental neighbor search, parallelism and hardware
accelerated techniques. An additional increase in efficiency
can be achieved by using adaptive particle sizes to have more
details where necessary and less computational costs in un-
changing regions.

Open problems exist in the handling of collisions with
solids. Particle penetrations may occur if strong forces are
involved. In our experience, most collision problems can be
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Our Model [Ton91] [Bar97] [CMHT02] [MCG03] [CMT04] [MKN∗04] [KBG∗05] [LIGF06]
Rigids x x x x
Elastics x x x x
Rigid-Elastics1 x
Fluids x x x x x x x x
Melting x x x x x x
Solidification x x x x x
Distinction2 x – – x –
Merging3 x x x x
Splitting3 x x x x

Table 1: Overall comparison of the effects to related previous work.
x: Effect is covered in previous work.
x: Effect is covered in previous work but with limitations.
–: not applicable.
1: objects consisting of rigid as well as elastic parts.
2: between multiple close (touching) deformable objects and parts of the same deformable object which are close (touching).
3: as illustrated in Figure 1.

Figure 11: A solid bunny melts inside hot liquid. Top: par-
ticles with a temperature coded color, where the left image
shows a cut through the particles. Middle, Bottom: raytraced
particles.

handled very well by choosing a high gas constant (Fig-
ure 8, 10), but an explicit collision handling or additional
boundary forces would be desired to guarantee no penetra-
tions despite strong forces involved.

Still to be investigated is how the accuracy of the method
relates to the number of particles discretizing a certain
amount of volume as well as to the time step used in the
Leap-Frog integration scheme. It is difficult to give an esti-
mate of the accuracy of our method. Clear is, that the method
gets more accurate by choosing smaller particle sizes and
smaller time steps. Further investigations and comparisons
with the real world have to be done.

Figure 12: A shell is formed as hot fluid solidifies when it
drops into a cold viscous fluid.

Figure 13: Hot liquid matter partly solidifies inside a cold
viscous liquid. After lifting and turning the shell, the liquid
inner part flows out and solidifies after colliding with the
cold splash.
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